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ABSTRACT 

We construct the anti-de Sitter supergravity in three dimensions associated with the 
supergroup SU{1, 1|2) x SU{1, 1|2). The field content and the action are inferred using 
the fact that AdS supergravity theories in three dimensions are Chern-Simons theories. 
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1 Introduction. 

Maldacena's AdS/CFT correspondence |^ has spurred interest in Anti-de Sitter su- 
pergravity theories. A particularly interesting case is the AdS^,/ CFT2 correspondence 

^ H, H, ^. In this case string theory on AdS^ x x with RR flux is conjectured 
to be dual to the conformal theory of the Higgs branch of the Dl-D5-brane system, where 
M4 can be or K'^. It is relevant to understand the corresponding supergravity on 
AdS'i for the investigation of this conjecture. On examining the symmetries of the near 
horizon geometry of the D1-D5 system we find that the specific AdS^ supergravity is the 
one associated with the supergroup Q = SU{1,1\2) x SU{1,1\2). In this letter we will 
construct the pure ( i.e. no coupling to matter ) anti-de Sitter supergravity associated 
with the above supergroup. 

Construction of this supergravity would be useful in furthering our understanding of 
the boundary conformal field theory. It is well known that gravity in AdS^ is a Chern- 
Simons theory with the gauge group SL{2, R) x SL{2, R) and it can be reformulated as 
a Liouville theory at the boundary 0. A Liouville theory corresponding to pure AdS 
supergravity associated with the supergroup Q is likely to help us understand the space 
time conformal field theory constructed in which is also a Liouville theory. Secondly, 
construction of this supergravity can help us study backgrounds in AdSs other than the 
pure AdSs and the BTZ black hole, which are the backgrounds being studied presently. 
These other backgrounds can help us understand certain properties of the boundary CFT. 
In fact the motivation for construction of this AdS supergravity arose from the problem 
of supersymmetrically embedding the conical spacetimes of in this supergravity. These 
spaces provide a one parameter family of metrics which interpolate between pure AdS^ 
and the zero mass BTZ black hole mimicking the spectral flow of the CFT 0. 

To construct the AdS supergravity on Q we use the fact that this theory is a Chern- 
Simons theory associated with the supergroup Q. That is, the action can be written 
formally as 

/ tr{TdT + lr') (1) 

where F is the connection one-form for the supergroup and M3 is the three-dimensional 
bosonic submanifold of the supergroup Q with local coordinates x^. F does not depend 
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on other coordinates of the group manifold [0. Using this one can fix the field content 
using the generators of the supergroup. The equations of motion of the AdS supergravity 
on Q will be the Maurer-Cartan equations of the supergroup which can be written down 
from the corresponding superalgebra. 

This letter is organized as follows. In Sec. 2 we write down the superalgebra on 
^ in a form suitable to extract the field content of the AdS supergravity and list the 
Maurer-Cartan equations for the supergroup. In Sec. 3 we present the action for the AdS 
supergravity on Q. Then we list down the supersymmetry transformation laws and show 
that the action is invariant under them. In Sec. 4 we state our conclusions. 

2 The SU{1, 1|2) x SU{1, 1|2) superalgebra. 

The SU{1, 1|2) X SU{1, 1|2) super algebra is the global part of the small Af = (4, 4) super 
conformal theory (see for e.g. [Q). The bosonic generators consist of L_,L^,Lq which 
form the SL{2, R) part of the algebra and T*, T'* which are the global SU (2) currents. The 
supercharges consist of ^i/2' ^-i/2' which transform as fundamentals under 

the global SU{2) currents. We can organize the SL{2,R) x SL{2,R) generators into the 
generators of Lorentz transformations Mat and translations Pa of 50(2,2), the isometry 
group of AdS^. The supercharges of the each of the SU{1,1\2) transform as a Dirac 
fermion in AdS^ with an internal SU{2) index. Then the SU{1, 1|2) x SU{1, 1|2) super 
algebra is given by the following (anti) commutation relations. 



[Pa, Pb] = -Am^Mab 

[T\T^] = Ate^.kT" 
[Pa,G]=m-faG 

[Pa,G'] = -mjaG' 
[T\G] = -2a' G 



[Pa, Mbc] = -VabPc + VacPb 
-rjadMbc - rjbcMad + VacMbd + VbdMa 

[T'\T'^] = UeijkT"' 

[Mab,G] = ^G 



[Mab,G[ 
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Our conventions are as follows. a,b,c . . . denote the tangent space indices of the AdS 
space. The tangent space metric has signature (—1, 1, 1). i,j,k take values from 1 to 3 
corresponding to the generators of SU{2). The supercharges G and G' are Dirac fermions 
in AdS space which transform in the fundamental of the two 5'C/(2)'s respectively. 1/m 
refers to the radius of AdS^ which is related to the cosmological constant. The 7 matrices 
are given by 

/ni\ /ni\ /in\ 
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(7* denotes the Pauh matrices and a,P denotes the SU{2) indices. We define ^ab — 
(1/2) [7a, 7;,]. The following formulae are useful 

lab^eabcl", 6123 = 1, eabce"^^ ^ Si (4) 

To write the Maurer-Cartan equations we introduce the gauge field one-forms 

dx^'Cn,,. (5) 



-<4 — dx^-A.^^ 



dx^^l:'^ 



A'' = dx^'A'l 



associated with the generators Mabi Pa, G°', G'", T\ T'* respectively. In other words 

r = LJabM^^ + e^P" + + (5^ + ij'G' + + A'T + A"T" (6) 

Thus the field content of the SU (1, 1|2) x SU (1, 1|2) supergravity consists of a vielbein Bq^, 
two SU{2) gauge fields A^^, A'^ and two gravitini ijj'" transforming as the fundamental 
of the two S'f/(2)'s. The gravitini are Dirac fermions. ujabu is the spin connection. The 
Maurer-Cartan equations for the one-forms turn out to be 
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(iA'^ = 2ieijkA'^ A"' + m^^^^ 



Here is defined as V'Wo- 
3 The Action. 

The Maurer-Cartan equations of the supergroup SU{1,1\2) x SU{1,1\2) written above 
give the equations of motion of the supegravity we require. These equations can be 
obtained as the Euler-Lagrange equations of the following action. 

S = J d^x[^ + 4m^e (8) 



m 



Where = + ^^^^ - meauY - 2A>^ and V'^ = d^ + ^^^^ + me^vT - 2A'j(T'.The 



above Lagrangian reduces to that of [|TT| if the gauge group is f/(l). This makes it easy to 
generalize the supersymmetry transformations for the non-abelian case. The first equation 
in is the following constraint which defines <jJahii. 

This is also the equation of motion obtained by variation of the action in (P) by Uabii 
treating the spin connection and the vielbein as independent fields. Thus we use the 
"1.5 order formalism " in verifying the invariance of the action under supersymmetry 
transformations. The supersymmetry transformations under which the action is invariant 
are 

K = 7e7>M + 7e'7>; + cc (10) 



5 A], = eaV + cc 

Tn — 

SA'' = -e'a'x/j' + cc 
M 4 

here cc denotes complex conjugate. To verify these supersymmetry transformations it is 
helpful to write the curvature and the cosmological constant term in the action (Q) as 

In course of the verification one arrives at the following typical four-fermion term 
m 
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It can be shown that such terms cancel by means of a Fierz indentity for non-commuting 
fermions which is 

(A^)(ex) = -^[(Ax)(^>) + (A7'^x)(e7a^)] (13) 
The additional four-fermion cross-terms simply cancel. 

4 Conclusions. 

In this letter we have constructed the Anti-de Sitter supergravity associated with the 
supergroup SU{1, 1|2) x SU{1, 1|2). To construct it we used the fact that the action can 
be written as the integral of the Chern-Simons three-form associated with the supergroup. 
It is also important to note that this procedure of constructing AdS supergravity can 
be generalized to other three-dimensional AdS supergroups for which the corresponding 
supergravity has not yet been constructed. It would be interesting to couple this pure 
supergravity to matter. That such a coupling should exist is clear from the fact that the 
supergravity describing the near horizon geometry of the D1-D5 system contains matter 
as well. This would give further understanding of the Maldacena correspondence for this 
case. 



6 



5 Acknowledgments. 



The author wishes to acknowledge fruitful discussions with Gautam Mandal and Spenta 
Wadia which provided the motivation for construction of the action. He also gratefully ac- 
knowledges discussions with S. Vaidya who participated in the early phase of this project. 
Note added: After this work was completed we received ||12[ which overlaps with some 
portion of this letter. 

References 

[1] J. Maldacena, "The Large Limit OF Superconformal Field Theories And Super- 
gravity," Adv. Theor. Math. Phys. 2 (1997) 231, |hep-th/9711200| . 

[2] J. Maldacena and A. Strominger, ^^AdS^ Black Holes and a Stringy Exclusion Prin- 
ciple," JHEP 12 (1998) 005, |hep-th/ 9804085 . 



[3] E.J. Martinec, "Matrix Models of AdS Gravity," |hep-th/9804m 



[4] J. de Boer, "Six-Dimensional Supergravity on x AdSs and 2d Conformal Field 
Theory," |hep-th/9806T04 . 



[5] A. Giveon, D. Kutasov and N. Seiberg, "Comments on String Theory on AdS^" 



Adv. Theor. Math. Phys. 2 (1998) 733, |hep-th/ 9806194 



[6] J.R. David, G. Mandal and S. R. Wadia, "Absorption and Hawking Radiation of 
Minimal and Fixed Scalars, and AdS /C FT correspondence," [hep-th/9808168 . 



[7] O. Coussaert, M. Henneaux and P. van Driel, "The Asymptotic dynamics of three- 
dimensional Einstein gravity with a negative cosmological constant," Class. Quant. 
Grav. 12 (1995) 2961, |gr-qc/9506019 . 



[8] S. Deser and R. Jackiw, "Three-Dimensional Cosmological Gravity; Dynamics of 
Constant Curvature," Ann. Phys. 153 (1984) 405. 

[9] J.R. David, G. Mandal, S. Vaidya and S. R. Wadia, Work in Progress. 



7 



[10] A. Achucarro and P.K. Townsend, "A Chern-Simons Action for Three-Dimensional 
Anti-de Sitter Supergravity Theories," Phys. Lett. 180B (1986) 89. 

[11] J.M. Izquierdo and P.K. Townsend, "Supersymmetric spacetimes in (2 + 1) AdS- 
supergravity models," Class. Quant. Grav. 12 (1995) 895, ^r-qc/950101^ . 

[12] M. Nishimura and Y. Tanii, "Super Weyl Anomalies in the AdS/CFT Correspon- 



dence," |hep-th/99040TO . 



8 



